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1. Introduction 

Leibniz algebras are one of the new algebras introduced by Loday [11], [12] in 
connection with the study of periodicity phenomena in algebraic K-theory. Leibniz 
algebras have been introduced as a "non-antisymmetric" analogue of Lie algebras. 
A Leibniz algebra L is a vector space equipped with a bracket [-,-] satisfying the 
identity 

[x, [y,z]] = [[x,y],z] ~ [[x,z],y]. 
If the antisymmetric relation is assumed, this identity is equivalent to the Jacobi 
identity. Hence, a Lie algebra is a Leibniz algebra. It is well known that the natural 
gradation of nilpotent Lie and Leibniz algebras is very helpful in investigating their 
structural properties. A remarkable fact of the naturally graded algebras is the 
relative simplicity of the study of the cohomological properties, (see for example 
[6]- [10] and [13]). 

Recently, some papers are focused to the study of some interesting families of 
Leibniz algebras, such as p-filiform and quasi-filiform Leibniz algebras. These al- 
gebras have their characteristic sequences equal to {n — p, 1, 1, 1) and (n — 2, 2) 
with dim{L) = n, [l]-[3. 

Naturally graded p-filiform Leibniz algebras are already classified in [2] and 
[4]. The classification of naturally graded nul- filiform and filiform Leibniz alge- 
bras reader can find in [Tj. The quasi- filiform n-dimcnsional Leibniz algebras have 
characteristic sequence (n — 2, 1, 1) (the case of 2-filiforni) or (n — 2, 2) [3] and [5]. 

For a given Leibniz algebra L we define the descending central series as follows: 

L^ = L, L^+^ = [L^,L\, k>l. 

If there exists a natural number s such that = 0, then the Leibniz algebra L is 
said to be nilpotent and minimal such number is called the nilindex of the algebra 
L. 

Bellow we present a gradation closely related to the descending central series. 
Let L be a nilpotent Leibniz algebra with nilindex s. We put Li = V" jU^^ for 
1 < i < s — 1, and grL — Li © L2 © ■ ■ • © -^s-i- It is easy to check embedding 
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[Li, Lj] C Li+j and therefore, the algebra grL is graded algebra, which is called the 
naturally graded Leibniz algebra. 

Let a; be a nilpotent element of the set L\L^. For the nilpotent operator of right 
multiplication we define a decreasing sequence C{x) = (ni,n2, . . . ,nk), which 
consists of the dimensions of Jordan blocks of the operator R^- On the set of such 
sequences we consider the lexicographic order, that is, C{x) — (rii, 71,2, . . . , n^) < 
C(y) = (mi, 7712, . . . , rUs) <^=> there exists i G N such that rij — rrij for any j < i 
and Tii < mi. 

The sequence C{L) = max C{x)x£l\l^ is called characteristic sequence of the 
algebra L. If C{L) = (1,1,...,!) then evidently, the algebra L is abelian. 

The set R{L) = {x E L \ [y, x] = for any y E L} is said to be a right annihilator 
of the algebra L. 

In this work we classify a subclass of naturally graded Leibniz algebras with 
nilindex n — 3. In case of Leibniz algebras with nilindex equal to n — 3, for the 
characteristic sequence we have the following tree possibilities: 

(n - 3, 1, 1, 1), {n - 3, 2, 1) and {n ~ 3, 3). 

The first one is 3-filiform case. We will focus our attention on the study of those 
with characteristic sequence {n — 3,3). Throughout all the work, we use the 
software M athematica. Since in the case of non-Lie Leibniz algebras the skew- 
symmetric identity is not valid, this classification is very complex and we should 
overcome the difficulties, which need a lot of computations. Using computer pro- 
grams is very helpful for computing the Leibniz identity in low dimension and 
formulate the generalizations of the calculations, which are proved for arbitrary 
finite dimension. The used program can be find in [5j . Some examples of the pro- 
grams for various types of Leibniz algebras classes are in the following Web site: 
http://personal.us.es/jrgomez 



2. Naturally graded Leibniz algebras with characteristic sequence 

(71-3,3). 

Let L be a naturally graded rt-dimensional Leibniz algebra which characteristic 
sequence equal to {n — 3, 3). From the definition of the characteristic sequence, it 
follows the existence of a basis {ei, 62, ... , e„} such that element ei e L\L'^ and 
the operator of right multiplication R^^ has one of the following forms: 

f Jn-3 \ f J3 \ 
\0 J3 J' \0 Jn-i ) 

Definition 2.1. A naturally graded Leibniz algebra L which characteristic sequence 
is equal to (ti— 3, 3), is called algebra of the second type if there exists a basic element 
ei G L\L'^ such that the operator R,,^ has the form: 




if i?ei has the other form, then it is called algebra of the second type. 

Since the classification of Leibniz algebras of the second type is more complicated 
and it needs to use more original technics, first we present the description of the 
second type. 
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Theorem 2.1. Let L he an n- dimensional naturally graded Leibniz algebra of the 
second type (n > 9). Then it is isomorphic to one of the following pairwise non- 
isomorphic algebras: 





A 




J • / r \ 

aim{L) 


1 — 7m 1 

-^(0.0,0.0,0) 






odd or even 


TTT' 

L 


A e {(). .1.} 




odd or i'l'on 


— n~3 

-^{1,0,0,A,-1) 


A G C 




odd or even 


— 7-0 4 

-'^{i, 0,1/4, A, -1) 


A G C 




odd or even 


n~rr 

-^{0,0,1,A,-1) 


A G C 




odd or even 


— I- ti 

{0,1,0,A,-1) 


A G {0, 1} 




odd or even 


— 7- U 6 

-'^(m,i,o,a,-i) 


A G C 


/iG{l,2} 


odd or even 


rrv 

-^{0,1,M,A,-1) 


A G C 


MGC\{0} 


odd or even 


— 7" 8 

^(-2A,l,-A,2,-l) 


AG {-2,-4/3} 




odd or even 


— T- (J y 

{2A,1,A,0,-1) 


AgC\{0, 1} 




odd or even 


— T 10 

-'^(l, 1,1/4, 1/4,-1) 






odd or even 


— r 10 

-'^(l, 1,1/4, 1/2,-1) 






odd or even 


— r 10 

(2,1,1,1,-1) 






odd or even 


— r 10 

(2,1,1,0,-1) 






odd or even 


7-0 11 

-'^(l, A, 1/4, 0,-1) 


AgC\{0, 1/2} 




odd or even 


, "1 ') 

-^{0,0,0,A,-1) 


A G {0, 1} 




even 


-^(1.0,0.A.-1) 


A G C 




even 


1 1 

L 

ll.(),i/4.A.-l) 


A e C 




I' VI ' It 


1 — n 

r 1,0 

-^(m,i,o,a,-i) 


A G C 


/i G C 


even 


— r 'i- 7 

-^(0,7,M,A,-l) 


A G C 


7, e c \ {0} 


even 


1 — n 

r i,a 

-^(-2A,l,A,p,-l) 


agc\{o,i} 


M e C 


even 


r 1.11 

-'^(A,1,A2/4,^,-1) 


A G C\{-2,0} 


At G C 


even 


-'^(-1,0,0,A,-1) 


A G {0, 1} 




even 


rl,i3 
(-2, 0,1, A, -1) 


A G C 




even 


,-1,14 

^(-4,0, 2, A, -1) 


A G C 




even 


rl,i5 

(0,0,-l,A,-l) 


A G C 




even 


ri,it; 

-^(-2, 0,-1, A, -1) 


AgC 




even 


7-1,17 

-^(0,-l,0,A,-l) 


A G {0, 1} 




even 


rl.lS 

-'^(-1,-1,0,A,-1) 


AgC 




even 


1-1, ly 

(-2,-1,0,1,-1) 






even 


J- 1:20 

-'^(1,-1,0,A,-1) 


AgC\{-1/2} 




even 


rl,21 

-'^(l, 1/3,0, A, -1) 


AgC 




even 


t1,22 

-'^(-2, -1.1, A, -1) 


A G {0, 1} 




even 


U.l, 2.1/4.A.-iJ 


A e C 
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A 


7, 


dim{L) 


-'^(-4, -1,2, A, -1) 


AgC 




even 


:i, ■ 4,, ;!.2,A, -i) 


A e C 






7- 1 .20 

-'^(2/5,2,2/6,A,-l) 


AgC 




even 


r i,2V 
(2/A,A,l,M,-l) 


A G C\{-1,0,1} 


M G C 


even 


r 1,28 

-'^(8/5, 1/2, -4/5, A, -1) 


AgC 




even 


r i,^y 

-'^(A,-l,A2/4,0,-l) 


AgC\{-2,0} 




even 


tL,'M 

-'^(l, -1,1/4, A, -1) 


A € {-1/2, 1/4} 




even 


7- 1,31 

^(-8, 2, 16, A, -1) 


AgC 




even 


r 1,32 

^(-2, A, 1,0,-1) 


agC\{-i,o} 




even 


r 1.33 

^(-2, 1,1, A, -1) 


AG {-1,1} 




even 



where the algebra 

HLa2,c.3,c.4M ^^{0.1}' 1<J<33, /3G{-1,0} 
has the following multiplication: 

[ei,ei] = Cj+i, 1 <i <n-l, ij^S 

[ei, 64] = aie2 + ^65, 
[62, 64] = a2e3, 
[64,64] =0362, 

[65, 64] = 01463, 
[ei, 65] = (ai - 02)63 - 66, 
[64,65] = (03 - 04)63, 

[6i,6i] = /3ei+i, 6<i<n-l, 
[ei, en+3-i\ = e(-l)*e„, 4 < i < n - 1. 

Proof. From the condition of the theorem we have the fohowing multiphcation of 
the basic element 61 on the right side: 

[ci, ei] = Bi+i, 1 < i < n - 1, i ^ 3, [63, 61] = [6„, 61] = 0. 

From these products we conclude that 

Li =< 61, 64 >, L2 =< 62, 65 >, Ls =< 63, 66 >, Li =< 6j+3 >, 4 < i < n - 3 

and 62, 63 e R{L). 

Let us introduce denotations 

[ei, 64] = aie2 + /Jies, [e2, 64] = 0263 + /?2e6, [€3,64] = fiser, 

[ei, 64] = 0362 + /34e6, [es, 64] = 0:463 + /Jses, 

[ei,e4] = Ae^+i, 6 < i < n - 1, [e„,e4] = 0. 

The equalities [ej, 65] = [[6,, 64], 61] — [[6,, ei], 64], 1 < z < n derive 

[61,65] = (ai - 02)63 + (/3i - /32)e6, [62, 65] = (/32 - A)e7, [63,65] =^63, 

[64, 65] = (03 - 0:4)63 + {13a - Pi)e%, [6b, 65] = (/35 - /36)67, 

[Ci, 65] = (A - /3i+l)6i+2, 6 < i < n - 2 [6n-l, 65] = [6n, 6b] = 0. 

Using induction on j for any value i it can be proved that 

/i-4 

[ei,6,]=^(-l)'=( ) ft+fe 1 6i+,-3, 5<z<n-3, 6<j<n + 3-i. 




In the case of 64 G -R(i) we obtain the algebra L^^qq o) • 
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Let now 64 ^ R{L). Then we consider the following cases: 
65 e R{L) 

Then e for 2 < i < n, i ^ 4. 

From the equalities [[e^, ei], 64] = [[e^, 64], ei], 1 < i < n, we have 

q;2 = ai, a4 = as, ^Sg = /32 = /3i, /3j = ;34, 5 < i < n - 1. 

For n > 8 we have also /3i = 0. 
The change of basis taken as 

e[ = Bi, 1 <i <n, i 4, 5, 6, = - l34,ej-3, 4 < j < 6 

deduces /34 — 0. 

If we take the change of basis in the following way: 

e[ = Aei + Be4, e[^_2 = ei, = [e^_i, e^], 2 < j < n, 

with condition AB{A + aiB) ^ 0, then we obtain the algebra of the first type. 
Therefore, this case is impossible for the algebra of the second type. 

The embedding [a, 64] G R{L) implies ^4=0 and from [ci, [e4, ei]] = —[si, [ei, 64]], 
with 1 < z < n we obtain/3i = — 1. 

If 66 S R{L), then for n > 9 it follows /3i = 0, which is a contradiction with the 
condition /3i = —1. Therefore, ee ^ -R(L). 

It is easy to check that [ei,ej] + [ej,ei\ £ R{L) for any values of Applying 
this for 1 = 1 and j = 5 we obtain /32 = 0. 

The following equalities: 

[ei, Cj] = -6i+i, [62, 6i] = [63, 6i] = 0, 6 < I < n - 1 

are proved by induction on i. 

From [ei, [64,62^+1]] = -[65,62^+1] + [62^+2,64], j > 2, we have that 

2/32,+2 = /35 + /32,+i + (-1)' ( ^ ) - j > 2. 

fc=l ^ ^ 

Similar as in j5j we derive 

J /3j = /35, 6 < j < n — 1, for n odd, 
I3j — P^, 6 < j < n — 2, for n even 

and 

[e4,6„_i] = -^5e„ for n odd, 
[e4,e„_i] = iPn-i - 2/35)e„ for n even, 

[ci, en+3-t] = (-l)*(/3„-i - /35)6«, 5 < i < n - 2, for n even. 

If /3„-i = /35, then by the change of basis defined as = e^, I < i < n, i 4, 5, 6, 
and = Ci — /S^et-s, 4 < i < 6 we can assume /35 = 0. 

If Pn-i 7^ /35 (the case of n even), then by using the change of basis: 



r < 


= (/3n- 


-l-/35)'6^, l<i<3. 




= 64 - 


/?56l, 


< 4 




-1 - ^5)(65 - ^5562), 






V * 


= (/3n- 


-1 - P5y-^e^, 7<i<n 
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we obtain [ei,en+3-i] 
follows: 



[ei,ei\ - 

[61,64] 

[62,64] 

[64, 64] 

[65,64] 

[61,65] 

[64,65] 

[61, 6i] 



: (— 1)*6„ for 4 < i < n — 1. Thus, multiplicatfon in L is as 

e-i+i, 1 < i < n — 1, i^3, 

■■ ai62 - 65, 

■ Q!2e3, 

■ ^362, 

■ 0:463, 

: (ai - 02)63 - 66, 

: {as - 04)63, 

-6i+l, 



[ei,6„+3-i] = e(-l)'6„. 



6 < i < n — 1, 
4 < i < n - 1, e e {0,1}. 



Case 1. e = {n odd or even) 



Applying the general change of generators of the basis: 

n n 

6„_2 = ^ ] BiCi, 



4 = 1 i=l 

we determine the other elements of the new basis and the products in this basis. 
Then the new parameters are the following: 



0:3 



02 



Ai + 0:2^4 ' 



Af + aiAiA4 + a3Al' {Ai+a2A4){Al+aiAiA4 + a3Al)' 

satisfying the restriction Ai{Ai + q;2^4)(^i + a\A\A/^ + a^A^^B/^ ^ 0. 
Note that for new parameters we have 



{(y-4.A\ + Q2a[iA4)B4 



4a'o 



3 K+aiAiA4 + 03^I)2' 

(aiQ:2 - 2a3)AiBl 



{Ai + 02^4) (A? + 01^1^4 + 03^2) ' 



a[a2 — 2a'^ 



■ — 2a4)AiBl 



{Ax + a2Ai){Al + q;i^i^4 + ay.Al) ' 



Consequently, the nullity of — Aa^ is invariant in the following sense: 

if af - 4a3 = 0, then a'l - 4a'3 = and if af - Aas ^ 0, then a'l - Aa's ^ 0. 
Analogously, the expressions Q;ia2 — 2a3 and 0:102 — 204 are nullity invariants. 
Consider the following subcases: 



Q!2 = 0, 03 = 



Then, a'l 



aiBi 



Ai + aiAi 



a'2 = 0, a'^ = Q and a'^ 



a^Bj 



^1(^1+01^4) 



• ai 



0. 



If 04 = 0, then the algebra L^nn r. ^ i> with A 



^(0,0,0,A,-1) 

If 04 7^ 0, then we obtain the algebra L 

If ai = 0, then we easily obtain a[ 



0,2 

(0,0,0,A,-1) 



is obtained, 
with A = 1. 



r0,3 

^(1,0,0,A,-1) 



1. Thus, we have the algebra 



with A = 0. 
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If a4 0, then choosing appropriate values of and B4 we derive 



a[ = a'^ = 1. Hence, the algebra L 



0,3 

(1,0,0,A,-1) 



with A = 1 is obtained. 



a2 = 0, as ^ 



Then, 



jaiAi + 2a3A4,)Bi 
Al + aiAiAi + a^Al ' 



Af + aiAiAi + asAl ' 



0:4 = 



Af + aiAi^4 + asAl ' 



• If — 4a3 = 0, then taking adequate value of -B4 we obtain a[ 
1/4 and a'^ = ^ = X. So, we obtain the family of algebras L^i^ A -i) 
with A e C. ^ 

• If — 4a3 7^ 0, then taking suitable values of A4 and B4 we deduce a[ = 0, 



a'. 



1 ^ / "^4 
1 and a4 = — 
as 



A. The family L 



0,5 

(0,0,1,A,-1)' 



A G C is obtained. 



a2 0, as = 



Then, 



a, = 



01-84 



^ Ai+aiA4' Ai+a2^4' (^1 +aiA4)(Ai +02^4)' 



02^4 



-, ag = 0, a'4 



04-64 



• ai = 0. 

If a4 



1. Thus, we 



0, then the choosing appropriate -B4 leads a'2 
0. 

If a4 7^ 0, then taking adequate A4 and B4 we derive a'2 = a'4 = 1. The 
algebra L^^^ ^ ^ A = 1 is obtained. 

/ 04 = 0. 

If ai — a2 — 0, then for suitable B4 wc have a'^ = 02 = 1, i.e. we 



obtain A: 



0,6 

(m,i,o,a,-i) 



with n — 1, A = 0. 



obtain the algebra L 

If ai — a2 7^ 0, then for adequate A4 and B4 it follows that a[ = 2, 
a2 = 1. The algebra -^'('^^i A -i)' ^^^^ = 2, A = is obtained. 

/ a4 0. 

If ai — a2 = 0, then for appropriate value of B4 we have a'l — a'2 = 



1 and a'4 = 



a4 



A. Therefore, we obtain the family of algebras 



^(;.i,o,A.-i)'^he'^e'" = i'^ec\{o}. 

If ai — a2 7^ 0, then taking suitable values of A4 and B4 we obtain 

= A, i.e., the family -L?'^ 



a 



aia2 

/i = 2, A e C \ {0} is obtained. 



"(,i,l,0,A,-l)' 



a2 7^ 0, as 7^ 



• a^ 



4a3 7^ 0, aia2 — 2as 7^ 0. Taking appropriate A4 and -B4 we derive 



ai 



0, a. 



a. 



(aia2 - 2as)^ 
ai(a? -4as) 
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^ _ [pLyoii - 2az){a.xOLi - 20:4) _ 

Hence, we obtain the family of algebras i^f^-^ ^i.\-\y where /i G C\{0}, A G 
C. ' '''' ' 

a\ — 4a3 7^ 0, a\Q.2 — 2a3 = 0. 
It yields 

03-04 = 



/2 



(^1 + aiA/^){piiA\ + 203^1^4 + a^asAl) ' 

(2Q3Q4 — ojiaa — ai)a\A\B'i 

{Ax + 02^4)2(02^1 + 203^1^4 + Uia^AlY ■ 



2O3O4 — O2 O3 — O4 



as — a4 = 0. 

Therefore, 2a3Q;4 — a^as — a| 7^ and taking the suitable values of 
and B4 we obtain a'^ = A, a'2 = 1, a'^ = 2, a'^ = 2. Thus, the algebra 
-^(!^2A 1 -A 2 -1) ^^^^ A = — 2 is obtained. 

•/ as — ^ 0. 

If 2Q3Q4 — ofnO^a — a| = 0, then a4 ^ 0, as = 5-, 0:4 7^ —. Choos- 

2a4 — 0:2 2 



ing adequate values of and B4, we obtain a'^ = 8/3, a2 = 1, 

-0,8 

^(-2A,l,-A,2,-l) 



a's = 4/3, 04 = 2, i.e., we derive the algebra L^f^xi -\2 -1) '^ith 



A = -4/3. 

If 2q;3Q;4 — a^cts — q;| 7^ 0, then as before we deduce a'l = 2a'^, a'2 = 1, 

a'r, = ^— ^ — T- = A, q;^ = and the family L?!^ , , „ ,^ 

^ 2a3a4 - a^ag - ' ^ (2A,1,A,0,-1) 

with A e C \ {0, 1} is obtained. 

a\ — 40:3 = 0, a\a2 — 2a3 ^ 0. 

Then, ai 7^ 2a2, - 4a^ ^ — 



(2Ai + ai^4)2(Ai+Q!2^4)' 
/ af - 40:4 = 0. 

Then, a\a2 — 20:4 7^ and from the above wc deduce o^-y = 1,Q!2 = 
1,03 ~ 1/4, = 1/4. So, we obtain the algebra L'I^xi x2^4^^ with 
A = 1,/Lt= 1/4. 

/ af -4a4 7^ 0, aia2 -2q!4 = ^ = 1, 0:2 = 1, a'^ = 1/4, a'4 = 1/2, 
i.e., we obtain L^^^'^^ ^^^^ ^ _]^-) with A = 1, /i = 1/2. 

/ a? — 4a4 7^ 0, aia2 - 2a4 7^ => Qi = 1, Qo = '^^^'^ — ai = 1/4, 

— 4a4 

a4 = 0. The family L^^^ 1/4 -i)' w^^^^ A € C \ {0, 1/2} is obtained. 
af — Aas = 0, aia2 — 2a3 = 0. 
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Then, ai= 2^2, 03 = 0:2. - "4 = -71 — ^ 

/ 02 — 04 = 0. 

Taking an appropriate value of B4 it follows that a[ = 2, a'2 = 1, 
Og = 1, 04 = 1. Hence, we obtain L^'^'^ ^2/4 ^ _i) with X = 2, fi = 1. 
/ 02 - 04 ^ 0. 

Choosing adequate A4 and S4 = — (^4)^1 yields a'l =2, 02 = 1, 

02 

03 = 1 and 04 = 0. Thus, the algebra i^j^^J ;^2/4 ^ with A = 2, = 
is obtained. 

Now, we consider the other case. 



Cctse 2. e = 1 (n even) 



Similar to the case 1, we apply the general change of generators of basis. Then, 
we obtain all products and the following expressions for a^, 1 < i < 4: 

, _ {Ai - A4){aiAi + 2Q3A4) , _ Q2(Ai - A4) 

~ Af + aiAiA4 + asAl ' ~ ^1+02^4 ' 

03(^1 - A4f , {Ai - Aif{aiAi + 0203^4) 



Al + aiAiA4 + a3Al' (^1 + Q2^4)(^? + aivli^4 + as^l) ' 

verifying the restriction - ^4)(Ai + a2A4)(^i + 01^1^4 + 03^4) ^ 0. 

Note that for these parameters we have 



a'l 02 - 2a3 
a'ia'2 — 2a'4 
a[ + 2a'3 



iaj - Aa3)Al{Ai - A4)^ 
{Al + aiAiA4 + a3Al)'^' 

(aia2 -203)^1 (Ai -Aj)^ 
{Ai + a2A4){Al + aiAiA4 + a^Al) ' 

(aia2 - 20:4)^1(^1 - A4Y 
{Ai + a2A4){Al + aiAiA4 + aaAf) ' 

(ai +2a3)(Ai - ^4)^1 
Af + aiAiA4 + asAl 



Consequently, the nullity of the expressions af— 4a3, aia2— 2a3, aia2— 2a4, ai- 
2a3 are invariants. 

Applying arguments as in the case 1 for the following subcases: 



0:2 = 0:3 = , 02 = 0, H:! / . (\2 y= n:i =0 , 02 7^ 0, (};', / 



we obtain the rest algebras and families of the theorem. □ 



The next theorem completes the classification of naturally graded Leibniz alge- 
bras with characteristic sequence (n — 3,3). 
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Theorem 2.2. Let L he an n- dimensional 
first type (n > 9). Then it is isomorphic 
isomorphic algebras: 



r34 

■^(0,A,0) ■ 

( [ei,ei] = Ci+i, l<i<n — 1, 

J [ei, en-2] = Ae„-i, 

y [62, en-2] = Ae„, A e C. 



7-36 

-'^(l.A.O) • 



. ^ n — 3, 



[ei,ei] = Ci+i, 1 < i < n - 1, i ^ n - 3, 
[ei, en-2] = e2 + Ae„-i, 
[62, en-2] = 63 + A6„, A e {-1, 0} 
[ci, en-2] = Si+i, 3 < i < n - 4. 



7-38 

-'^(O.O.A) 



[ei,6i] = 6i+i, l<i<n-l, iy^n — 3, 
[ei,e„-2] = — 6„-i, 

[62, 6„-2] = -(1 + A)en, 

[ei, 6„-i] = Aen, A e C. 



7-40 

[ei, ei] = Bi+i, l<i<n — 1, iy^n — 3, 
[ei, e„-2] = 62 — e„_i, 
[62, 6„-2] = 63 - (1 + ^)e„, 
[ei,6„-2] = 6i+i, 3<i<n-4, 
[en-i,en-2] = —Aen, 
[ei, 6n_i] — fie„, 
[en-2, 6„-i] = A6„, A e {0, 1}, /J, €C. 



naturally graded Leibniz algebra of the 
to one of the following pairwise non- 



(m,a,i) • 

[a, ei] = Bi+i, 1 < i < n - 1, iy^n- 
[ei,en-2] = At62 + Ae„_i, 
[62, en-2] = M63 + Aen, A, /i e {0, 1} 
[ei, en-2] = fiCi+i, 3 <i <n-4, 
[ci, en-2] = Ci+i, n — 2<i<n — 1, 



r37 

-^(1,A,2) 



[ei, ei] = ei+i, l<i<n-l, i^n — 

[ei, en_2] — e2 + XCn-l, 

[c2, Cn-2] = e;j + Ae„, A G C 

[ci, en-2] = Ci+i, 3 <i <n - 4, 

[a, en-2] = 2ei+i, n — 2<i<n — 1. 

7-39 

-'^(0,1, A) • 

[ei, ei] = ei+i, 1 < i < n — I, i^n 

[6l,6n-2] = — 6n-l, 

[62, en-2] = -(1 + A)e„, 

[6„-l,6n-2] = -6n, 
[6l,en-l] = A6n, 

[6n-2, en-l] = Cn, A € {-1, 0}. 



t41 



1,A) • 

[ei, ei] = Ei+i, 1 < i < n — I, i^n 
[ei, e„_2] = 62 — e„-i, 

[62, e„_2] = 63 - (1 + A)6n, 

[ei, en-2] = 6i+i, 3 < i < n - 4, 

[en-l,en-2] = en, 

[61, 6„_l] = A6n, 

[en-2,6n-l] = -6n, A £ {-1,0}. 



Proof. Let L be a Leibniz algebra of the first type. Then we have the following 
multiplication: 

[Ci, 61] = 61+1, 1 < i < n - 4, [6n_3, 61] = 0, 
[6n-2, 61] = Cn-l, [6n-l , 61] = 6n, [6n,6l]=0. 

It is not difficult to verify that 
Li =< ei, e„_2 >, L2 =< 62, e„_i >, Ls =< 63, e„ >, L, =< ei>, 4 < i < n - 3 

and {e2, 63, ... , e„_3} C R(L). Therefore, to define the multiplication in L it suffice 

to study the multiplication of the element e„_2 from the right side. 

Introduce denotations [ei,e„-2] = aie2 + a2en-i, [en-2,e„_2] = /3ie2 +/32e„-i, 
[e2, en-2] = 7163 + 726^, [e„_i, en-2] = Sies + ^2e„. 

Then to verify the Leibniz identity [ei,[ej,efe]] = [[e^, Cj], e/j] — [[e,, Cfe], Cj] it 
suffice to consider 

j = 1 and k = n — 2,n — l,n; j = n — 2 and A; = 1, n — 1, n; 
j = n — 1 and A; = 1, n — 2, n; j = n and fc = 1, n — 2, n — 1. 



We consider several cases. 
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e„-2 e I^(L). 

Then {62, 63, . . . , e„} C R{L) and, consequently, we have ak = I3k — Jk = 
dk = 0, 1 < k <2. Thus, we obtain the algebra L^^^^y 



Then, e„ e and jk = ctfe, (5^ = /3k, 1 < A; < 2, = 0. Thus, the 

multiplication table of L can be expressed in the form: 

[ei,ei] = Ci+i, l<i<n-l, 

[ei,e„_2] = Q!ie2 + a2e„_i, 

[e2,e„_2] = aie3 + a2e„, 

[ej,e„_2] = aiCj+i, 3 < i < n - 4, 

[ei,e„_2] = /32ei+i, n-2<z<n-l. 

Taking the general change of generators of basis: 

n n 
61 = ^ ^ -^iCj, e„_2 = ^ ^ SjCj 
1=1 i=l 

we obtain the new basis {e'l, e'2, ■ ■ ■ , e'^-i, e^}. 

We compute all products and the new parameters are the following: 

«i = -A — ; A ' = Ti — ; A vta — nr-A p-2 ~ 



/li+ai^„_2' {Ai + aiAn-2){Ai + l32A„-2) ' Ai + /32^„-2' 

satisfying the restrictions 

AiB„_2(^l + aiAn-2){Ai + p2An-2) 7^ 0, 

= 0, 1 < i < n - 6, 

(ai - ,32)Si = 0, n-5<z<n-4, 
a2Bi = 0, n — 5<z<n — 4, 

and _B„_2(^2^«-i + ^2^2 - aiA„„i) = S„_i(/32A„_2 + 02^1 - ai^„_2)- 

Note that only coefficients Ai,An-2, Bn-2 participate in the expressions for the 

parameters a'l, a'2, 132- Hence, we can suppose that = 0, i 7^ — 2} and 

Bj ^ 0, with j ^n~2. 

It can be proved that the nullity of ai — 132 is invariant. 

If ai = 0, then the nullity of 1 — 0:2 is invariant and if /?2 = 0, then the nullity 
of 1 + q;2 is invariant, as well. 

Similar as in the proof of Theorem 2.1 we consider the possible cases and in each 
of them we have the following pairwise non-isomorphic algebras of the theorem: 

i(o,A,o)> A G C-{0}; Lf^^^^.y A,M e {0,1}; A e {-1,0}; Lf^^^2Y A e C. 



e„_i ^ R{L), e„ e R{L). 



Then, e„_2 ^ R{L). Therefore, for defining the multiplication of Li and L2 it is 
enough to study the multiplication of e„_2 and e„_i on the right side. 
Introduce the notations 

[ei, e„_2] = aie2 + Q;2e„-i, [e„_2, f n-2] = /?ie2 + P2Gn-i, 
[e2, en-2] = 71^3 + 72e„, [e„_i, e„_2] = (5ie3 + 62e„, 
[ei, e„_i] = aies + a2e„, [e„_2, e„_i] = 6163 + b2en 
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From equality [e^+i, e„-i] ~ [[e^, e„_i], ei]. 1 < i < n — 1 we obtain 

[cj, e„_i] = aiei+2, 2 < i <n - 5, 
[cj, e„_i] =0, n — 4<i<n — 3, 

[Cn-l, e„_i] = 6164, 

[en, e„_i] = 6165. 

The equality [e^+i, e„_2] = [[ei, en-2], ei] - [e^, e„_i], 1 < z < n - 1 yields 
0(2 = -1, 71 = ai - ai, 72 = -(1 + 02), (5i = /?! - 61, 62 = P2 - ^^2, 
[ci, e„_2] = (ai - (i - l)ai)ei+i, 3 < z < n - 4, 

[en-3,e„-2] = 0, [e„,e„_2] = (A - 26i)e4. 

Since [ei,e„_i] € R{L), then [[e^, e„_i], ei] = [cj+i, e„_i], which implies 61 = 
for n > 9. From [e„, [ei, e„_2]] = — [[e„, e„_2], ei], we obtain /3i = 0. Consequently, 

[en-2, e„-2] G and e„_i ^ i?(L) we have /32 = 0. 

Moreover, [en—2:En—i 

] G R{L). Then [[e„ 6^-2], e„_i] — [[ej, e„_i], 6^-2], with 
1 < i < n and hence, ai = for n > 9. 

Thus, the multiplication in L is as follows 

[ei,ei] = Ci+i, 1 <i <n-l, 

[ei,e„_2] = aie2-e„_i, 

[e2,e„_2] = 0:163 - (1 + a2)e„, 

[ei,e„_2] = aiCi+i, 3 < i < n - 4, 

[e„-i,e„_2] = -62e„, 

[ei,e„_i] = a2e„, 

[e„-2,e„-i] = 62en. 

Similar as above wc take the general change of generators of basis and then 
we generate the new basis. After that we determine all products and the new 
parameters are the following: 

, _ Ql-Bn~2 ^, _ ^2-6^- 2 ^, _ (02^1 + b2A„-2) 

^ Ai+aiA„-2' ^ Ai-b2A„-2' ^ Ai—b2A„-2 
with the restrictions 

^lS„_2(^l + aiAn_2){Ai - 52A„_2) ^ 0, 

B, = 0, 1 < z < n - 3, 

(1 + a2){-iA2 + aiAn-i)Bn-2 + (Ai + aiA„_2)B„_i) = 0. 

Note that only coefficients Ai,An-2, -B„_2 participate in the expressions for the 
parameters a[, b2, Oj. Therefore, we can assume that Ai = 0, i ^ l,n — 2 and 

Bj =0, j ^n- 2. 

It is proved that the nullity of 1 + 02, ai + 62 are invariants. Similarly as in the 
proof of Theorem 2.1 we consider the possible cases and for each of them we have 
the following pairwise non-isomorphic Leibniz algebras: 

r3S \ ^ (P. r39 



-^(o,o,A)' € C; -£'(0,1, A)' ^^€{-1,0}; 
4°A,M)' ^ e {0, 1}, M G C; A G {-1,0}. 



en ^ R{L). 



Then, e„_2, e„_i ^ R{L), as well. We set [ei,e„] = Aie4, [e„_2,e„] = A2e4. 
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From [[ei,ei],e„] = [[ej, e^], ei], 1 < i < n it follows that 

[ei,e„] = Aiei+3, 2 < i < n - 6, 

[ei,e„] = 0, n — 5<i<n — 3, 

[e„_i,e„] = A2e5, 

[e„,e„] = A2e6. 

However, [[e„, e„], ei] = implies A2 = for n > 9 and hence, Ai 7^ 0. 

If wc denote [ei, e„_i] = aiea + a2e„ and [e„_2, e„_i] = 6163 + 62e„. Then due 
to [ei, e„_i] + [e„_i,ei] e -R(i) we have 02 = —1. 

From [[ci, d], e„_i] = [[cj, e„_i], ei] — [ei,e„], 1 < i < n it follows that 61 = 
for n > 9 and 

[ci, e„_i] = (oi - - l)Ai)ei+2, 2 < i < n - 5, 
[ei,e„_i] =0, n — 4<i<n — 3, 

[en-2,e„_i] = 62e„, 
[e„_i,e„_i] = 0, 
[e„,en_i] = 0. 

The equality [[e^, e„], e„_i = [[e^, e„_i], e„], 1 < i < n implies Ai = 0, which is 
a contradiction with condition Ai 7^ 0. Consequently, in this case there does not 
appear any naturally graded Leibniz algebra. □ 



Summarizing the results of the Theorems 2.1. and 2.2 wc complete the classifica- 
tion of naturally graded Leibniz algebras with the characteristic sequence (n — 3, 3). 
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